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ABSTRACT 
The spectral line narrowing and rebroadening that occurs for astrophysical masers as a function of the 

emergent radiative flux is calculated for the prominent, 22 GHz masing transition of water. Hyperfine struc- 
ture and cross-relaxation are treated explicitly. The increased line breadths due to hyperfine structure lead to 
reliable, essentially model-independent upper limits to the emergent flux that tend to be lower than other 
estimates for these masers. For many 22 GHz masers including the outbursts in W49 and Orion which have 
the highest reported brightness temperatures (>1015 K), the observed line breadths are less than 0.8 km s-1 

(FWHM). For these, the upper limit to the emergent maser flux is 7¡,AQ < 1010 K sr when expressed in terms 
of the brightness temperature Tb and the solid angle ÁQ for beaming. 

As a result, the long-standing puzzle of the extreme brightness of the interstellar water masers is largely 
resolved. Their brightness is due to a high degree of beaming (AQ < 10-5 sr in some cases) and not to more 
effective pumping. The actual maser luminosities are smaller by factors of 100 than those of certain previous 
assessments. 

Information concerning the spectral line profiles and luminosities also bears on efforts to understand the 
relationship between the recently discovered water masers at millimeter and submillimeter wavelengths and the 
22 GHz masers. Inferences about the strength of the magnetic field in star-forming regions based on the 
observed circular polarization of the 22 GHz masers are influenced, as well, by results here—by the upper 
limits to the radiative flux and by the conclusion that a single hyperfine component ordinarily is not dominant. 
Subject headings: line profiles — masers 

1. introduction 

The spectral line profiles of astrophysical masers first 
become narrower with increasing radiative flux (here, flux is 
the angular integral of the intensity) and then rebroaden when 
the flux is large enough that the masers become radiatively 
saturated (Litvak 1970). If redistribution of the excitation 
among the molecular velocities due to cross-relaxation is effi- 
cient, as expected, rebroadening is postponed until the radi- 
ative flux is large enough that the rate for stimulated emission 
exceeds the rate for cross-relaxation (Goldreich and Kwan 
1974). The spectral line profiles that result are readily obtained 
when only single upper and lower energy levels are involved. 
Their application to the prominent, 22 GHz masing transition 
of water is, however, questionable because of the presence of 
hyperfine structure with splittings that are comparable with 
the spectral line breadth. For the three strongest hyperfine 
transitions, the separations in velocity units are 0.45 and 0.58 
km s ~1 between the F = 7-6, 6-5, and 5-4 components 
(Kukolich 1969), and the relative line strengths are 0.385: 
0.324: 0.273, respectively. We have verified that only these 
three hyperfine transitions make a measurable contribution. 
Although a number of observational studies have focused on 
the spectral line profiles of the 22 GHz water masers and on 
the relative contributions of the various hyperfine components, 
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there seem to be no calculations that quantitatively deal with 
these issues (cf. Kwan 1974). That is the goal of the investiga- 
tion here. Interpretations of a number of aspects of the obser- 
vations are influenced by these calculations. This is discussed 
in § 4. 

2. CALCULATIONS 

The rate equations are solved for the populations of the 
various hyperfine states of the upper and lower energy levels 
(rotational) for the 22 GHz masing transition of the water 
molecule. Populations are obtained at each molecular velocity 
within the Maxwellian distribution of kinetic energies. As is 
commonly done, we use phenomenological pump rates À(f)(v) 
and decay rates F to represent the gains and losses due to 
transitions between the masing states and other molecular 
states. Our pump rates incorporate the usual premises that the 
pumping process does not favor particular molecular velocities 
or hyperfine states. The former premise is reflected in the pump 
rates by a Maxwellian distribution ^(v) of velocities v. To 
examine the influence of cross-relaxation (Goldreich, Keeley, & 
Kwan 1973; Goldreich & Kwan 1974), we include a phenom- 
enological cross relaxation rate Fv such that every emission 
and reabsorption of an infrared photon generates a newly 
excited molecule at random within a Maxwellian velocity dis- 
tribution and with a hyperfine state selected in proportion to 
the statistical weight of the state. The actual rate for redistri- 
bution in velocity is not exactly the same as for the redistri- 
bution among hyperfine states, but both are expected to be 
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roughly the inverse lifetime of the state due to emission of 
infrared radiation. For simplicity, we take them to be the same 
and represented as ^ 1 s _ 1 ; see § 4). 

Previous studies have found that the weaker three of the six 
hyperfine transitions have negligible influence on the maser 
radiation (Deguchi & Watson 1986). We have performed com- 
putations including all six for the populations as a function of 
molecular velocity and also find that the weaker three are 
unimportant. When cross-relaxation is explicitly included, the 
calculations are greatly simplified if the weaker three are com- 
pletely ignored. We thus treat only the three stronger hyperfine 
transitions (F = 7-6, 6-5, and 5-4) in the calculations present- 
ed in this Letter. The rate equation for the number of molecules 
n^v) per magnetic substrate per unit velocity in hyperfine state 
i (F = 1,6 or 5) of the upper rotational level (616) is 

^ dnÁv) 
0 = = - [r + r„ + R^vfinfv) + Ripjnp) 

+ 4>(v^u + J I# ¡ 71,(1;)J ( 1 ) 

and for the number of molecules n^v) in the hyperfine states of 
the lower rotational level (5 23) 

o _ ¿nM 
dt 

-[F + + Rjpftnp) + Rß(v)n,(v) 

+ <t>(v) dv’Lgjnp) (2) 

Steady state is an excellent approximation for the molecular 
populations and causes the time derivatives in equations (1) 
and (2) to vanish. Transitions are stimulated by the maser 
radiation from state i to j at a rate Rij{v) for molecules with 
velocity v along the direction in which the maser radiation 
propagates for transitions from j to /]. Statistical 
weights and pumping rates for the upper and lower states are 
designated by gu, gt and 2U, respectively. The quantity that 
enters into the radiative transfer equation is the population 
difference A^v) which can be expressed as 

Af/r) = np) - n/v) = S<p(v)/[r + r„ + á?,-»] , (3) 

where S is independent of velocity and is the same for all three 
ij pairs. The combined rate for stimulated emission at velocity v 
is 

Algebraic manipulations of the six equations of the form of 
equations (1) and (2) yield a solution for S, 

S = (À, - 2,){i - (r„/2)KC¡ + Cj) J dv4>(v)/ir + r„ + 

+ [r„/(2r + 2r„)]Z[(0,. - + ^.)](Ci - c;) 

x J dvtftv^ipyir + r„ + á?,»] j \ (5) 

where ct = gjl^i and cj = gj/'Lgj. Equation (5) eliminates the 
need for a simultaneous numerical solution of the rate equa- 
tions at each velocity and is thus a major simplification. 

From the equation of radiative transfer, the change in 
brightness temperatue at frequency v and a spatial location 
given by z is 

dTh^ - = h ^ dvTp^g-j B16 A16(v)ô\_v - c(v - v76)/v76] 

+ de B65 A65(t>)<5|> - c(v - v65)/v65] 

+ 9 s ß54 A54(o)()[î) - c(v - v54)/v54]j . (6) 

The foregoing equations can be generalized in a straightfor- 
ward manner to include spontaneous emission and bidirec- 
tional propagation. 

3. RESULTS 
The foregoing equations are solved numerically in the usual 

approximation of one-dimensional propagation for maser 
radiation. One-dimensional propagation is considered to be 
appropriate because of the strong propensity for the maser 
rays that have the paths with the greater amplifications to 
dominate. 

In Figure 1, we present the primary results of the study—the 
spectral line breadth Ar(FWHM) of the emergent maser radi- 
ation as a function of the product TbAil of the peak value 
(within the spectral line) of the brightness temperature and the 
solid angle for beaming. The quantity Tb AQ is proportional to 
the radiative flux emerging at the surface of the maser. From 
the foregoing equations, it is clear that the quantity that 
governs the intensity dependence of the spectral line profiles is 
the rate for stimulated emission for which a characteristic value 
for the 22 GHz transition is 

R ~ AkTb AQ/4nhv . (7) 

= (2v2k/c2)giBiJ{gi 
1 + gj') 

x J*áv7;(v)<5[v - Vj/1 + y/c)]AÍ2 (4) 

in which Tb(v) is the brightness temperature of the maser radi- 
ation at frequency v, v0 is the resonance frequency of the ij 
transition at rest, is the Einstein ß-coefficient for the tran- 
sition, <5 is the delta function, and AQ is the solid angle into 
which the maser radiation is beamed. Though the results are 
insensitive to it, a beaming angle AQ must enter to relate the 
“ intensities ” (really, fluxes) calculated in the one-dimensional 
approximation to the observed intensities (e.g., Nedoluha & 
Watson 1990a). 

Here, A is the Einstein ^-coefficient (2 x 10"9 s-1) for the 
6 i6-5 2 3 transition. For comparison, we also present calcu- 
lations in which the hyperfine splitting is ignored (the two-level 
maser). In the two-level case, the spectral line breadths at 
a specific TbAQ are proportional to the thermal, Doppler 
breadths vth (for reference, vth = 0.6[T/100 K]1/2 km s_ 1). Line 
breadths at other kinetic temperatures T in the two-level ideal- 
ization can then readily be obtained from those in Figure 1. 
For other masing transitions for which the two-level approx- 
imation is valid such as the 325, 321, and 183 GHz water 
masers, the curve in Figure 1 is also applicable when the scale 
is changed so that, e.g., 

(Tb A AQ/vF>)321 ghz = (TbAAQ/vTv)22 GHz , (8) 
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Fig. 1.—Spectral line breadth Av km s~1 (FWHM) for the 22 GHz, masing 
transition of water vs. radiative flux, expressed as the product Tb AQ (K sr) of 
the brightness temperature and the solid angle of the beam. The solid curve is a 
benchmark obtained by ignoring hyperfine structure and treating the masing 
as if only two energy levels are inolved; the hyperfine stucture is included in 
obtaining the other curves. Labels on the curves indicate the velocity disper- 
sion vlh (FWHM) due to the kinetic temperatures of the water molecules. The 
lengths (arbitrary units) of the masers at various locations along the curves are 
indicated by open circles for the calculations with F^ = 1 s-1 and F = 0.01 
s- \ and by crosses for F^ = 0 and F = Is-1. The length is the same at all 10 of 
the rightmost symbols; the symbols are then located at each factor-of-10 
shorter in length. For the millimeter and submillimeter masing transitions of 
water, the relationship between line breadth and Tb AQ can be found by scaling 
(see text) from that given here for the case of a transition between only two 
energy levels (solid curve). 

where r> is the larger of F and F^ for the 321 GHz transition. 
The irregularities in the vth = 0.5 km s-1 curve with hyperfine 
structure are caused by the two peaks that appear at this 
kinetic temperature as the spectral line rebroadens (see Fig. 2). 
When the second peak grows to become equal to one-half of 
the stronger peak, it is included in giving Av. For each choice of 
vth (and the two-level idealization) in Figure 1, the calculations 

Fig. 2.—Examples of spectra line profiles for the 22 GHz masing transition 
of water at two kinetic temperatures indicated by rth km s_1. Maser flux 
expressed by Tb AQ (K sr) is shown as a function of frequency expressed as the 
Doppler velocity v km s-1. The rest frequency of the F = 7-6 transition is at 
t; = 0. The underlying curves are the contributions of each hyperfine transition 
(F = 7-6, dotted curve; F = 6-5, dot-dash curve; F = 5-4, dashed curve) to the 
line profile (solid curve). 

are performed with and without cross-relaxation. In one case, 
we adopt F,, = Is-1 and a much smaller F = 0.01 s~1—values 
that we consider most realistic (see Section 4). For comparison, 
the calculations are also performed for F = 1 s_1, and cross- 
relaxation is assumed to be ineffective (Fv = 0). These curves 
overlap exactly in Figure 1 and are thus indistinguishable. 
Neither F nor F,, is expected to exceed roughly Is-1 since this 
is the lifetime for infrared decays. If both are smaller than 1 
s-1, the curves will be displaced toward lower TbAil. The 
relationship between the spectral line profile and TbAil thus 
only depends upon the larger of F and F,,. In contrast, the 
length of the masing region that must be traversed to achieve a 
particular flux (as measured by TbAQ) depends on F and is 
independent of F^. To emphasize this point, we indicate the 
lengths of the masing regions by marks on the curves in Figure 
1 for the computations with and without cross-relaxation. 
From Figure 1 it is clear that the effects of hyperfine structure 
on the spectral line breadths are significant, especially at T < 
500 K before rebroadening occurs and in determining the line 
breadths after rebroadening at higher T as well. 

In Figure 2, we present spectral line profiles that are com- 
puted for representative values of the key quantities (T and 
TbAQ). The qualitative features of spectral lines formed at 
higher kinetic temperatures are similar to those given for i;th = 
1 km s-1. A second peak occurs in the rebroadening regime 
(R ^ Tv) due to the F = 5-4 transition when the gas has a 
kinetic temperature near 100 K. For even modest temperatures 
of 250 K or so, the hyperfine components are blended well 
enough that the resulting specra line appears to be completely 
symmetrical and indistinguishable from that which would 
result from a single transition, at least for unidirectional prop- 
agation. In general, the relative contributions of the three 
stronger hyperfine components are not in proportion to their 
line strengths. Their contributions also vary with the kinetic 
temperature and radiative flux. The frequencies at which the 
contributions of each of the hyperfine components reach a 
peak ordinarily are not at the resonances of these transitions. 

Whereas the spectral line profiles for unidirectional propa- 
gation (Fig. 2) are symmetric for i;th > 1 km s_1, those calcu- 
lated for bidirectional propagation tend to exhibit somewhat 
asymmetric shoulders even for thermal velocities up to vth = 2 
km s-1. Otherwise, bidirectional masing has a negligible effect 
on the relationship between the spectral properties and radi- 
ative fluxes of masers presented in Figure 1. 

In addition to depending upon the value of vih, in principle 
the computed spectra depend upon the brightness temperature 
Tc of the background, continuum radiation that is incident 
upon the maser. The computations presented in Figures 1 and 
2 all use Tc AQ = 0.1 K sr—a value that reflects Tc of a. few tens 
of kelvins and beaming angles AQ of about 10“ 3 sr which are 
considered to be plausible. Representative spectra computed 
for Tc AQ smaller by a factor of 102 are essentially unchanged; 
increasing Tc AQ to 103 K sr raises the minimum somewhat in 
Figure 1—by about 0.2 km s"1 for vth = 1 km s-1. Such 
increases in Av would tend to strengthen the main conclusions 
based on these computations. Spontaneous emission has also 
been examined and found to have no significant effect. 

4. IMPLICATIONS 

An estimate for the optical depths of the 22 GHz transition 
of astrophysical masers can be obtained from the amplification 
required to produce the observed brightness temperatures. The 
ratio of the molecular transition probabilities for the infrared 
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transitions in comparison with that for the 22 GHz maser 
transition then implies that the related infrared transitions also 
have large optical depths (de Jong 1973) with typical values of 
102-103 in models for the stronger masers. This motivates our 
choice F = 0.01 s~1 for calculations in Figure 1. The decay rate 
F is the loss rate for population from the masing states and is 
often determined by the escape of infrared photons. Only a 
fraction (optical depth)-1 of the infrared decays can escape; 
hence, the large reduction factor in obtaining F from the char- 
acteristic inverse lifetime of 1 s-1 for infrared emission. In 
contrast, under such conditions, cross-relaxation occurs at a 
rate comparable to the inverse lifetime for infrared emission, or 
Tv ~ 1 s-1 (Goldreich & Kwan 1974). Since rebroadening of 
the spectral profile occurs when the rate for stimulated emis- 
sion exceeds F^, the radiative flux at which rebroadening 
occurs is thus specified in a manner that is relatively indepen- 
dent of detailed models of the masers. In terms of brightness 
temperature, rebroadening begins at approximately 7¡,ÁQ = 
109 K sr (see Fig. 1). Studies for the pumping of the 22 GHz 
masers, especially in connection with the submillimeter water 
masers, indicate kinetic temperatures significantly greater than 
100 K and probably near 400 K or above (e.g., Neufeld & 
Melnick 1990). Spectral line breadths in the neighborhood of 
and below 0.8 km s-1 (FWHM) are common for the 22 GHz 
masers (Moran et al. 1973; Genzel et al. 1981; Schneps et al. 
1981 ; Fiebig & Güsten 1989). The line breadths are 0.6 km s -1 

or smaller even for the outbursts in W49 and in Orion (Burke 
et al. 1972; Garay, Moran, & Hashick 1989; Matveenko 1985) 
which have the highest brightness temperatures (Tb> 1015 K) 
yet reported. From Figure 1, TbA£l < 1010 K sr when Av < 0.8 
km s-1. This limit on TbAQ would be about a factor of 10 
weaker if it were obtained from a two-level calculation in 
which the hyperfine structure is ignored (see Fig. 1). Additional 
contributors to the spectral line breadth such as velocity gra- 
dients or some form of microturbulence would only raise the 
curves in Figure 1 and strengthen the limit on Tb ÀQ. In addi- 
tion to the evidence from pumping considerations, the smooth 
and symmetrical profiles from the observations provide addi- 
tional evidence against kinetic temperatures as low as 100 K 
(see Fig. 2). Only a small fraction of the 22 GHz masers prob- 
ably have Av > 1.5 km s-1 which would be necessary if their 
profiles were fully rebroadened. For the Orion flare, Av has 
been reported to be as small as 0.4 km s -1—a breadth that is 
essentially the minimum breadth in Figure 1 for kinetic tem- 
peratures that are compatible with the pumping and with the 
absence of asymmetries in the line profile. Although spectral 
line breadths for the extensively studied OH (18 cm) masers are 
frequently as small as 0.1-0.2 km s-1, those of the 22 GHz 
masers are rarely observed to be smaller than 0.5 km s-1. It is 
natural to ascribe this difference to hyperfine effects in the 
latter and to take this as observational evidence in support of 
the relevance of the calculations here. 

The very high brightness temperatures and inferred lumin- 
osities of the interstellar, 22 GHz masers have been a major 
puzzle since the VLBI observations in the early 1970s (e.g., 
Downes 1985; Genzel 1986). Imaginative pumping mecha- 
nisms have been proposed to generate the high maser lumin- 
osities that have seemed to be required (e.g., Strelñitskij 1984; 
Kylafis & Norman 1987; cf. Anderson & Watson 1990). Since 
the interstellar masers with the highest brightness tem- 
peratures and with many of the highest inferred luminosities 
must have 7¡,AQ < 1010 K sr according to the foregoing, it is 
clear that the resolution to the puzzle of the very high bright- 
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ness temperatures is very small beaming angles (ÀQ < 10-5 sr 
in some cases) and not high luminosities. The limitation on 
TbAQ implies luminosities that are a factor of 100 below those 
of previous estimates (Reid & Moran 1981). Maser amplifica- 
tion between separated masing regions has been proposed to 
cause such beaming (Deguchi & Watson 1989). The observed 
cases of high linear polarization (e.g., the Orion outburst) are 
also easier to understand for the lower values of the maser flux 
(Nedoluha & Watson 1990a). Reliable information about the 
brightness temperatures and spectral line breadths for the 
extragalactic 22 GHz masers is not available. Other consider- 
ations have, however, led to the proposal that strong beaming 
plays a role for these, as well (e.g., Haschick et al. 1990). 

Efforts to understand the pumping of the submillimeter 
water masers have focused on the premise that they occur in 
the same locations and with the same beaming angle AQ, as the 
well-studied 22 GHz masers (Neufeld & Melnick 1990, 1991). 
Hyperfine effects are unimportant for these. The variation of 
their line breadths with maser flux is then that of a two-level 
transition as given in Figure 1 (with a redefinition of Tb AQ as 
described in § 2). The studies indicate that the 321 GHz tran- 
sition of water should be less radiatively saturated than the 22 
GHz maser. For the 321 GHz transition, the larger of F and Fv 

is at least as large as for the 22 GHz transition. The spectral 
line breadths of the 321 GHz masers should then tend to be 
narrower than those of 22 GHz masers if they are in fact in the 
same regions and if additional contributions to the line 
breadth, which could blur this difference, such as velocity gra- 
dients, are unimportant. 

Certain 22 GHz observations show a definite variation in 
which the spectral line breadth is proportional to the inverse of 
the square root of the brightness temperature. Arguments have 
been advanced that this is a straightforward consequence of 
line narrowing (e.g., Rowland & Cohen 1986). No such varia- 
tion is evident in Figure 1, and the origin of this striking obser- 
vational relationship between the spectral line breadth and the 
intensity must be reexamined. 

Although they are believed to be unsaturated, certain 22 
GHz masers in circumstellar environments have line breadths 
that approach 1 km s-1 (Reid & Menten 1990). The calcu- 
lations here indicate that, in the unsaturated regime, such 
breadths cannot be attributed solely to hyperfine splittings. 
Velocity gradients are a more likely cause. 

A further impetus for clarifying the role of the various hyper- 
fine components in the 22 GHz profile is the recent detection of 
circular polarization. The strengths of the magnetic fields that 
are inferred with the standard Zeeman interpretation and by 
assuming that one of the hyperfine components is dominant 
are the largest yet detected in star-forming regions (Fiebig & 
Güsten 1989). Our calculations indicate that a single com- 
ponent is rarely dominant. Although the Landé ^-factors for 
the F = 7-6 and 6-5 transitions differ by less than a factor of 2 
(that of the F = 5-4 transition differs by more), the effect on the 
polarization caused by blending hyperfine components within 
a single spectral profile is unclear. Major modifications to the 
standard Zeeman relationship between the circular polariza- 
tion and the magnetic field have been found when the stimu- 
lated emission rate is within a order of magnitude or so of the 
Zeeman frequency (Nedoluha & Watson 1990b). From Figure 
1, the rates for stimulated emission are less likely to be high 
enough that such modifications are dominant if symmetric 
profiles with breadths less than about 0.6 km s-1 are chosen 
for study. 
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